Phase-matched relativistic harmonic generation in plasmas is observed for the first time. Thirdharmonic light is detected and discriminated spectrally and angularly from the harmonics generated from competing processes. Its angular pattern is a narrow forward-directed cone, which is consistent with phase matching of a high-order transverse mode in a plasma. The signal level is found to be on the same order of magnitude for a circularly polarized pump pulse as for a linearly polarized pump pulse. It had been predicted theoretically [1, 2] and recently verified experimentally that the free electrons in the focus of a high-intensity laser [3] will oscillate relativistically and thus emit harmonics with unique angular patterns [4] . This process, known as relativistic nonlinear Thomson scattering, scatters light into a broad range of angles (ϳ180 ± ) with each lobe having a .30
± angular width for the low-order harmonics. In this paper we report the experimental observation of the third harmonic emitted into a narrow, hollow cone pointing in the direction of laser propagation. To explain these results, a new theory is presented that describes how phase matching in a plasma can result provided that the harmonic radiation has a highorder transverse structure. The signal level of the harmonic for a circularly polarized pump pulse was found to be on the same order of magnitude as that for a linearly polarized pump pulse, which is characteristically different from harmonic generation from electrons bound to atoms. The increased efficiency due to phase matching might eventually lead to interesting coherent, ultrashort-duration and short-wavelength light sources, in which there is much current interest [5] .
Theory for coherent emission in the direction of propagation of the laser beam, referred to as relativistic harmonic generation, has been derived [6, 7] . It indicates that-because of the mismatch between the phase velocities of the laser pulse and the generated harmonics and because of the collective response of the plasma-the conversion efficiency should be low unless a means for phase matching, or quasi phase matching [7] , is implemented. Experimentally, Liu et al. [8] tried to measure the third-harmonic light produced from relativistic harmonic generation but ultimately could give only an upper limit on the conversion efficiency. Meyer and Zhu [9] claimed to have observed the second relativistic harmonic generated under the condition of beam filamentation. However, such second-harmonic light has been later identified by several groups [10, 11] to be associated with the transverse plasma-density depression driven by laser self-channeling or filamentation [12] , as is also evident from its broad angular width caused by the plasma density gradient [9] .
In this experiment, we used a Ti:sapphire-Nd:glass laser system based on chirped-pulse amplification that produces #2-J, 400-fs pulses at 1.053 mm wavelength. The 50-mmdiam laser beam was beam split into two beams. The first beam was sent to a type-II KDP (potassium dihydrogen phosphate) crystal to produce a second-harmonic pulse which was then focused by an f͞3 off-axis parabolic mirror into the center of a gas jet (hydrogen or helium, with a flat top of 750 mm in length and a gradient of 250 mm) to preionize the gas into a plasma (i.e., used as a prepulse). The second beam, the pump pulse, was sent through a delay line to vary its temporal delay and then through a half-wave wave plate and a thin-film polarizer to vary its energy. After that, it was focused by an f͞3.3 lens onto the same gas jet with its focus overlapping with, and its direction collinearly counterpropagating with respect to, that of the second-harmonic prepulse. The prepulse has a focal spot of 12 mm FWHM (full width at half maximum), and the pump pulse has a focal spot of 14 mm. In this experiment, the prepulse energy was fixed at ϳ90 mJ, corresponding to a peak vacuum intensity of 2 3 10 17 W͞cm 2 , which is 3 orders of magnitude higher than the ionization threshold [13] of hydrogen, enough to produce a plasma column of .50 mm diameter. The pump-pulse intensity was varied by adjusting the half-wave wave plate and the maximum was about 2 3 10 17 W͞cm 2 , which corresponds to a normalized vector potential a 0 8.5 3 10 210 l͓mm͔I 1͞2 ͓W͞cm 2 ͔ 0.4. The polarization of the prepulse was set to be linearly polarized, and that of the pump pulse was controlled to be either linearly polarized or circularly polarized by use of a quarter-wave wave plate located before the focusing lens. For the data presented below, the pump pulse was linearly polarized.
The third-harmonic light generated by the pump pulse and emitted in the forward direction was collected by the focusing parabolic mirror of the prepulse and was then separated from the prepulse and the pump pulse by passing through 527-nm-wavelength and 1053-nmwavelength high-reflection dielectric mirrors. It was then diagnosed with an imaging grating spectrometer and a beam-pattern imaging system. The use of a prepulse at the second harmonic is to make sure that it cannot produce harmonics at the wavelength of third harmonic of the pump pulse. The delay of the pump pulse was set such that the pump pulse entered the plasma 7 ps after the prepulse passing through the gas jet, avoiding the mixing of the prepulse and the pump pulse in the plasma to generate the third harmonic but not allowing enough time for recombination. No significant change in the third-harmonic signal was observed when the delay was varied from 5 to 20 ps. Figure 1 shows the spectra of the third harmonic generated in helium at a pump intensity of 1.5 3 10
17 W͞cm 2 and a gas density of 3 3 10 19 cm 23 with and without the prepulse. As can be seen, the spectrum without the prepulse contains two spectral components: the first one is strong, narrow (ϳ8 Å), and peaked close to the exact third-harmonic wavelength, and the second one is weaker, broad (ϳ60 Å), and blueshifted (by ϳ25 Å). A similar spectrum was observed for hydrogen. When the prepulse was turned on, the intensity of the narrow unshifted component remained pretty much the same while the broad blueshifted component disappeared, for both the cases of helium and hydrogen.
The broad blueshifted component is consistent with the third harmonic generated from ionization [14] , because it disappears when the gas is preionized and the broadening and blueshifting are consistent with ionization [8, 15] . We believe that the narrow unshifted component is the third harmonic produced from relativistic harmonic generation because its spectrum is narrow (about 1͞3 of the bandwidth of the pump pulse) and unshifted and its spectrum FIG. 1. Spectra of the third harmonic generated in helium for 3 3 10 19 cm 23 gas density and 1.5 3 10 17 W͞cm 2 pump laser intensity with (dashed line) and without (solid line) the prepulse. and intensity do not change significantly when the prepulse is turned on (since the foot of the pump pulse is enough to fully ionize the gas and turn it into a plasma). In addition, the narrow spectral width (8 Å) observed is strong evidence to support that this third harmonic was generated from a coherent and phase-matched process, as compared to the broad spectral bandwidth (120 Å) of the third harmonic generated from incoherent relativistic Thomson scattering [4] .
The intensity of the narrow unshifted spectral component as a function of plasma electron density N e for a fixed laser vacuum intensity is plotted in Fig. 2(a) and as a function of pump laser intensity for a fixed plasma density in Fig. 2(b) , for both helium and hydrogen with the prepulse. As shown, the intensity of this unshifted signal scales as I 3 0 (where I 0 is the pump intensity), which is consistent with relativistic third-harmonic generation. When the gas density was varied, the intensity of this third harmonic varied as N 1.2 e for hydrogen. For the case of helium, the signal intensity at low densities increases with increase of gas density in the same way as for hydrogen. However, it starts to decrease with increase of gas density when the gas density is higher than 3 3 10 18 cm 23 and thus becomes 2 orders of magnitude lower than that for the case of hydrogen at a gas density of 3 3 10 19 cm 23 . This is believed to be a result of the decrease of the peak pump intensity due to ionization defocusing of the pump pulse at high gas densities [16] (note that the ionization threshold for the second electron in a helium atom is 10 16 W͞cm 2 so that the prepulse may not fully ionize the helium at near the entrance of the pump pulse, especially because it is also ionization defocused at the opposite end of the gas jet at high densities). More importantly, the intensity of this thirdharmonic light generated in helium is about the same as that generated in hydrogen for the same plasma electron density (before the refractive defocusing starts to affect the helium results). This supports the argument for relativistic harmonic generation which depends on the free-electron density only and not the type of gas.
The parabolic mirror collimated the forwardpropagating third-harmonic beam and converted the angular pattern of this emission into the transverse intensity pattern of the collimated beam. Therefore, by imaging the latter with a CCD (charge-coupled device) camera and matching narrow bandpass filters, we obtained the angular profile of the third harmonic. Figure 3 shows the angular pattern of the narrow unshifted third-harmonic signal for a hydrogen gas density of 1.5 3 10 19 cm 23 and a pump laser intensity of 1. of the cone is strong evidence for good coherence (phase matching) of this third-harmonic beam, as compared to the broad angular width (.30 ± ) of the angular pattern of incoherent harmonic emission from single-particle relativistic Thomson scattering [4] . Furthermore, the angular pattern of the broad blueshifted third harmonic was observed to have a Gaussian profile pointing in the direct forward direction, similar to that of the transmitted pump beam. This also helps discriminate between these two third-harmonic signals.
Regardless of the details of the mechanism driving the harmonic, the harmonic amplitude will be greatly enhanced provided that the phase-matching condition Df 0 is satisfied, where Df Ӎ k 3 z 0 2 3k 0 z, z (z 0 ) is along the direction of propagation of the pump (third harmonic), z z 0 cosu, u is the cone angle of the third harmonic, and k 0 (k 3 ) is the axial wave number of the pump (third harmonic) along the propagation direction. In terms of the index of refraction h 0,3 ck 0,3 ͞v 0,3 , the phase-matching condition yields cosu h 3 ͞h 0 . Near the focus the index of refraction associated with a Laguerre-Gaussian mode [17] 
where n 3 is the harmonic number.
In the 1D limit, h 3 . h 0 and phase matching is not possible. In fact, the detuning length [6] Figure 4 shows the angle of the cone as a function of plasma density, and the inset shows the prediction of Eq. (1) trend of increase of angle with increasing plasma density, although their details are different. In addition, the cone angle was observed to be roughly independent of laser intensity, also consistent with theory. The discrepancy in Fig. 4 is believed to be caused by the approximate manner in which the Gouy phase shifts are treated in Eq. (1), as well as an uncertainty in modeling the transverse structure of the third harmonic.
For a gas, the linear dispersion is orders of magnitude less than that for a plasma of equal density. Equation (1) applies only if the 1D dephasing length is shorter than the interaction length, which is not the case for a gas. For a gas, the harmonic cone angle should be nearly zero and the variation with gas density should be negligible. Furthermore, we found that the cone angle is the same for helium as for hydrogen at the same plasma density. Therefore, these observations are consistent with relativistic harmonic generation from plasmas and rule out the possibility of originating from atomic effects. The absolute energy conversion efficiency for this thirdharmonic beam for a linearly polarized pump pulse at a plasma density of 3 3 10 19 cm 23 and a laser intensity of 1.7 3 10 17 W͞cm 2 is ϳ2 3 10 25 , obtained by integrating the cone image taken with the CCD camera. This efficiency is 2 orders of magnitude higher than the predicted saturation efficiency (ϳ4 3 10 28 ) without phase matching in the directly forward direction in the theory derived by Esarey et al. [6] . This is to be expected since in the latter case the detuning length is only 14 mm, much shorter than the length of the gas jet we used.
All of the results for the narrow unshifted third-harmonic component are basically the same for a circularly or a linearly polarized pump pulse. The polarization of the third harmonic was found to be the same as that of the pump laser for both linear and circular polarization, for every
